Abstract. Tetration F as the analytic solution of equations F (z − 1) = ln(F (z)), F (0) = 1 is considered. The representation is suggested through the integral equation for values of F at the imaginary axis. Numerical analysis of this equation is described. The straightforward iteration converges within tens of cycles; with double precision arithmetics, the residual of order of 1.e-14 is achieved. The numerical solution for F remains finite at the imaginary axis, approaching fixed points L, L * of logarithm (L = ln L). Robustness of the convergence and smallness of the residual indicate the existence of unique tetration F (z), that grows along the real axis and approaches L along the imaginary axis, being analytic in the whole complex z-plane except for singularities at integer the z < −1 and the cut at z < −2. Application of the same method for other cases of the Abel equation is discussed.
introduction
The practical ability to deal with big numbers depends on their representation. The positional numeral system has allowed us to write most of the required numbers throughout the centuries. Invention of the floating point enabled huge numbers, although the "floating overflow" still occurs, if the logarithm of a number happens to be too large. The range of huge numbers, distinguishable from infinity in computational mathematics, can be drastically extended, using a function with fast growth [1] , for example, the Ackermann functions [2] . Perhaps, the fourth of the Ackermann functions provides fast enough growth for the needs of this century. The function A (4, x) can be expressed in the form A(4, z) = 2 means application of the exponential z times. Various names are used for the this operation: "generalized exponential function" [1] , "ultraexponentiation" [3] , "superexponentiation" [4] , "tetration" [5] . I use the shortest one, "tetration". This name indicates that this operation is forth in the hierarchy of operations, after summation, multiplication and exponentiation. For the first three operations, the analytic extension for the complex values of the argument is established; and these operations are recognized as elementary functions [6, 7] . Tetration is not yet considered as a special function; the extension for real and complex values is not yet established; iteration of a transcendental function of a complex variable is not trivial [8, 9, 10] .
The tetration (1.2) can be written as the recurrent equation for the integer z > −2. In this paper, I consider only the case t =1 , a =e=exp(1). In order not to write the main argument z as a superscript, let F (z) = exp equation (1.4) can be considered as the definition of tetration of an integer argument, larger than −2; it is a special case of equation (1.2) at a = e and t = 1. Such a tetration, as well as the Ackermann functions [2] , could be used as a rapidly growing function to represent huge numbers in computers.
Equation (1.4) , even together with condition (1.5), does not define an unambiguous function; for additional requirements, assumptions are necessary to specify it. Such an assumption could be that F (z) is a continuous nondecreasing function in the range z > −1. This leads [3] to the piecewise uxp, which can be defined in the following way: In the following, I assume that there exists unique analytic tetration F , which has properties, similar to those of the function Fit 3 , seen in Figure 1(b) ; then I guess the asymptotic behavior of function F , which allows one to plot part (c) of the figure. I collect such guesses and assumptions in Section 2.
In Section 3, I interpret the asymptotic fit in terms of the entire solution of (1.4). In Section 4, I express the analytic tetration with the contour integral, which leads to the integral equation (4.5) for values of tetration at the imaginary axis.
In Section 5, I describe the numerical (iterational) solution of this integral equation, which allows one to evaluate function F and plot Figure 1(d) .
In Section 6, I estimate the precision of the numerical solution and provide tables of its values at the imaginary axis and those at the real axis.
In Section 7, I discuss properties of the inverse function.
In Section 8, I compare the values of the analytic tetration with other solutions of equation (1.4) at the real axis.
In Section 9, I suggest possible application of the formalism to the fiber optics. In Section 10, I discuss the generalization for other cases of the Abel equation and complex Ackermann functions.
In Section 11, I formulate the theorem pertaining to existence and uniqueness of analytic tetration and request for the mathematical proof.
Assumptions
In this section I discuss properties of the function Fit 3 , seen in Figure 1 , and postulate them as assumptions, as requirements for the analytic tetration F (z).
The equation (1.4) could allow more solutions than equation
In this paper I assume that the logarithm ln is a single-valued function, that is, analytic at the complex plane with the cut along the negative part of the real axis. Then, all the solutions of equation (2.1) are solutions of (1.4), but it is not obvious that a solution F of (1.4) also satisfies (2.1). One could add term 2πi to the right hand side of equation (2.1), and the solution of the resulting equation will also be the solution of (1.4). In searching for the simple tetration, I begin with analytic solutions, which also satisfy equation (2.1).
Assumption 0. The analytic solution F (z) of equation (2.1) exists in the whole complex z-plane, except for part of the real axis z ≤ −2; this solution satisfies F (z * ) = F (z) * , and F (0) = 1.
From Assumption 0 it follows that F (z) is real at real z > −2. As the argument z emerges from the real axis, the approximation Fit 3 (z) approaches (although it does not reach this asymptotic exactly within the range of approximation) the fixed points L and L * of the logarithm, which are solutions of the equation
The graphic (computational) search for the solution of equation (2.2) is shown in Figure 2 (a). Fixed points of the logarithm should not be confused with fixed points of the exponential, shown in Figure 2 
for integer values of m. All fixed points of the logarithm are fixed points of the exponential, but only two of the fixed points of the exponential are fixed points of the logarithm, and only one of them is in the upper half-plane. The straightforward iteration of equation (2.2) converges within a hundred evaluations, giving the approximation
More rigorous analysis of the fixed points of the exponential (Ruhewerte der Exponentialfunktion) can be found in [11] .
Let the analytic tetration F approach values L and L * at ±i∞: (2.2), the analytic tetration F should keep the asymptotic (2.5) at any fixed value of the imaginary part of the argument:
The iteration of the logarithm leads to the exponentially convergent sequence. Let the function F (x + iy) at x → −∞ approach its limiting value, also exponentially: 
is quasi-period: for moderate values of (z),
The conjugated symmetry should take place for the case − (z) 1. The structure at the right upper corner of Figure 1 (b) is partially reproduced in the vicinity of the central part, above the real axis; the deviation is seen only at y < 1. Let such behavior be the property of the analytic tetration F .
Assumption 2.
where ε = exp(Lz + r), and r is complex constant.
From Assumption 0 and Assumption 2 it follows that
In order to check that Assumption 2 is consistent with Figure 1 (b), define functions F + and F − as follows: in the range | (z)| ≤ 9, 0.3 < |3(z)| < 2. In this range, function Fit 4 (z) looks very similar to Fit 3 (z). I expect thatr approximates parameter r in equation (2.12), although I do not use this approximate value as the assumption, building up to the analytic extension of tetration.
The assumptions above leave to function F almost no freedom. F (z) should have the cut at x ≤ 2; F (n) = uxp(n) at integer values of n > −2; F (z) has logarithmic singularity at z = −2; F (z) decays at ±i∞ to its asymptotic values according to (2.12) , and it should quickly grow up in the positive direction of the real axis. In the vicinity of range |y| < 0.2x, function F (x+iy) should show complicated, quasiperiodic and perhaps fractal behavior, similar to that of Fit 3 and Fit 4 ; fractal behavior is typical for iterated functions of complex variable [9] .
Fits and asymptotic
Function Fit 4 by equation (2.16) has deep mathematical meaning. At (z) > 0 (upper part of Figure1(d)), it is just the shifted-argument approximation of the entire function
This function was described in the past century by Helmuth Kneser [11] ; he used the notation X for the function such that
Function F entire satisfies equation (2.1), although it does not satisfy Assumption 0. Kneser analyzed the existence and uniqueness of this function and applied it for the construction of the function √ exp; such entire functions were under intensive research in the past century [12, 15, 16, 17] , although ancient researchers did not have computer facilities for the efficient evaluation.
Due to Assumption 2, the combination of asymptotic (3.1) with fitting in the vicinity of the real axis allows one to approximate the function F (z) at any complex
The improvement of precision of the approximation can be achieved with numerical solution of equation (2.1) using the Cauchy integral.
Contour integral
In this section, the expression of the analytic tetration in terms of contour integral is suggested; this allows one to replace the functional equation (1.4) for function F with the integral equation for its values at the imaginary axis.
According to the assumption of the previous section, function F is analytic. In the range of analyticity, it can be expressed with the Cauchy contour integral [18, 19, 20, 21, 22, 23] :
where the contour Ω evolves the point z just once.
I apply the Cauchy formula (4.1) to express tetration F (x + iy) in the range |x| ≤ 1, |y| ≤ A, where A is the large positive parameter. Let the contour Ω consist of 4 parts:
A. integration along the line (t)=1 from t = 1−iA to t = 1+iA, B. integration from point t = 1+iA to t = −1+ iA, passing above point z, C. integration along the line (
Such a contour has several advantages. Values at the imaginary axis are related to values at parts A and C through equation (2.1); as for the parts B and D, the integral can be estimated analytically, using the asymptotic values L and L * . Then, tetration F can be expressed with four integrals:
where f up is some intermediate value of function F at the upper part of the contour,
and, similarly, f down is the analogous intermediate value for Ω D . F up has no need to belong to the set of values of function F ; at the contour Ω B , there may exist no point z u such that F (z u ) = f up . Using equations (1.4) and (2.1), the integrands in the first two integrals can be expressed in terms of the function F at the imaginary axis; the last two integrals can be simplified analytically.
The equation (4.2) is still exact. However, it becomes approximate when I substitute f up and f down with their asymptotic values, using the assumptions from the previous section. Such a substitution leads to the equation for the approximation F A :
The placement of the cuts of the logarithms at the transition from equation Consider the case z = iy. This case is important, so I give a special name to the function E(y) = F A (iy). At z = iy, the equation for E can be written as follows: tetration F (z) can be expressed for | (z)| < 1. For the precise evaluation, the value of z should be evolved by the contour, but should not approach it. For the evaluation, it is sufficient to work with | (z)| ≤ 0.5 and then extend the approximation to the whole complex z-plane, except z < −2 with equation (1.4).
The solution E of equation (4.5) has no need to satisfy equality E(0) = 1 exactly; the correction of the argument can be applied to the reconstructed tetration to satisfy condition (1.5).
In such a way, for reconstruction of the approximation F A in the whole complex plane, it is sufficient to calculate it along the imaginary axis, or along any vertical line in the complex z-plane. The error of such an approximation comes from the replacement of the function at the upper and lower contour of integration to its asymptotic values. Due to the assumption about exponential decay of the tetration F to these asymptotic values, the number of correct decimal digits at the evaluation is proportional to parameter A. Another source of error arises at the approximation of integrals as finite sums for the numerical integration. While the contour does not get too close to the value z, the integration can be performed with high precision. One example of such an evaluation is described in the next section.
Numerical evaluation of tetration
For the numerical implementation, I replace the integrals in equation (4.5) with finite sums. The approximation with Gauss-Legendre quadrature formulas [6, 27] allow the good precision. Values A = 10 and N = 100 are sufficient to achieve the camera-ready quality of figures; at A = 24 and N = 2048, the precise check with 14 significant decimal digits can be performed.
For the computation, values of function E are stored in a mesh with nodes at y n , for n = 0 . . . N − 1; let E n approximate E(y n ), and let the integral of a function f be approximated as follows:
Applying this rule to equation (4.5), I get the approximation
2) gives a straightforward method for the iterational solution; just interpret the equality as operator of assignment. At the parallel assignment of the whole array E, the iterations may diverge; but they converge quickly, if the elements of the array E are updated one by one. Such an update is slow in high level languages such as Matlab, Mathematica and Maple; but it is fast at the implementation with C++. Several tens of iterations can be performed during a minute at a laptop class computer, giving the residual of the resulting approximation at the level of rounding errors. Equation (4.5) looks similar to the equation of Fredholm of the second kind [26, 24, 25] , but the kernel is nonlinear. The soluiton is stable, at least with a good initial approximation. For the convergence, the amplitude at the center of the grid should be of the order of unity; at positive values of y n the phase should be nonnegative, and at the negative values of y n , the phase should be nonpositive. An occasional appearance of zero in the solution gives an infinity in the evaluation of the logarithm and ruins the algorithm. In particular, the iterations do not converge with the conjugation of the function fit 2 by equation (1.9) as the initial distribution. For the initial condition
the algorithm converges to a smoothly-looking function after a few updates of each point of the mesh. The typical resulting function E is in Figure 4 . For comparison, the initial condition is plotted with light strips. The real part of E is represented with a symmetric curve, and the imaginary part corresponds to the antisymmetric curve. Visually, I would not be able to distinguish these functions from scaled and shifted 1/cosh and tanh. At the zooming in, the defects (jumps) of the initial condition at |y| = 3 are seen, while the solution (thin lines) looks perfect. After a few tens of iterations, the precision of the resulting solution cannot be improved more due to the rounding errors. The discrete analogy of equation (4.3) can be written as follows:
The function F A,N approximates F :
where x 1 is the solution of equation which depends not only on A and N , but also on the initial condition, and on the mode of iterations. I use the automatic update of E N −1−n each time when E n is calculated, forcing the symmetry
In this case, the displacement x 1 is always real. Typically, this correction is of order of one percent. Such a displacement of the argument should be applied each time when we have constructed a function satisfying equation (1.4) and want to get a function F which also satisfies condition (1.5).
The procedure above allows one to construct approximations of F (z) within the strip | (z)| < 1. As the point z approaches the contour of integration, the approximations with finite sum become inaccurate. Therefore, equation (5.4) should be used for reconstruction of approximations of F (z) at | (z)| ≤ 1/2; values outside this range should be recovered using equation (2.1).
Function F evaluated in such a way is plotted in Figure 1(d) . As it was mentioned, visually, it looks like a superposition of Figures 1(b) and 1(c) .
At small values of ε(z), oscillation of (2.14) is weak compared to the quick approach of the function to the asymptotic L; this oscillation is not seen in Figure  4 . In order to reveal this oscillation, in Figure 5 , the difference F (z) − L is plotted in the same notation, as in Figure 1 . In the upper-left corner of the figure, the lines of constant modulus and constant phase make an almost rectangular grid, typical for the exponential function. The figure makes an impression that the small ("linear") perturbation of the steady-state solution L of the equation of tetration comes from direction −1.061 + 4.75i and becomes strong in the vicinity of the real axis. The iteration of the exponential produces the quasi-periodic "garden" of selfsimilar "flowers" in the vicinity of the positive direction y ≈ 0.22x. The conjugated wave of perturbation comes from the third quadrant of the complex plane. The condition (1.5) "synchronizes" these perturbations in such a way that the function F (z) becomes zero at z = −1, causing the sequence of singularities at the negative part of the real axis and the cut at z ≤ −2. Figures 1(d) and 4 and 5 confirm that the analytic tetration F with assumed properties can be approximated using integral equation (4.5). Visually, the plots of the resulting approximation satisfy the requirements formulated in Section 2.
Accuracy
The plots of tetration F raise the question of how precisely its analyticity can be checked. The precision of evaluation of function F with equation (5.5) depends on parameters A and N which are supposed to be large. In this section I show that at A = 24, using the Gauss-Legendre quadrature formula with N = 2048 points and double-precision arithmetic, the residual at the substitution of approximation (5.5) to the equation (1.4) becomes of order rounding errors.
Due to the smallness of the resulting parameter x 1 by equation (5.6), values of F (z) at the imaginary axis are close to values of array E. For values of z, which are integer factors of 0.1 i, approximations for F (z) are printed in Table 1 . The representation (5.4) allows straightforward differentiation; so, I print the first derivative also. Similar data for the real axis are shown in Table 2 . At the real axis, the function F is invertible; so, I print there also values of t = F −1 (x) which is the solution of equation F (t) = x.
In order to estimate the precision of calculated values, consider the residual. Table 2 . Tetration F , its derivative, and its inverse at the real axis Tables 1 and 2 is expected to be of order of unity in the last decimal digit of the mantissas. The smooth trends in the lower part of Figure 6 are symmetric for the real part and anti-symmetric for the imaginary part; these trends should be attributed to the finiteness of the parameter A. (For smaller values A = 20, these trends were two orders of magnitude larger, and the deviation was at the level 10 −12 .) The irregular structure in Figure 6 appears due to the rounding errors. For doubleprecision arithmetics, value A = 24 provides a reasonable compromise between the speed of evaluation and the precision: the error is due to replacement of f up and f down with the asymptotic values L and L * and rounding errors give comparable contributions to the error of the resulting approximation.
A similar relation can be checked at the real axis; while the real part of the argument of the function F A,N does not exceed 0.8, the relation
holds with 14 decimal digits. The left part of this equation scaled up with factor 10
13 is plotted at the bottom of Figure 7 . The same data are used in Table 2 . The zeroth column has a sense of the argument x; in this table, this argument runs real values from −1.1 to 1.1 . It is the same x that appears in Figure 7 .
The first column represents the corresponding estimate F A,N (x + x 1 ), evaluated with equation (5.5) using value x 1 = −0.00743143611046. This value is specific for A = 24, N = 2048, initial condition (I used approximation Fit 3 in the central part of the initial distribution), on the order of updating values at the iterational solution, and even on maximal number of iterations, because the value at the center is not fixed; it drifts from iteration to iteration, decreasing for ∼ 10 −13 per cycle of iterations. Indeed, 64 iterations were sufficient to make errors of the approximation comparable to the rounding errors at the double-precision arithmetic. However, the thirst column approximates the tetration F only in the central part of the table; at values |x| > 0.8, the point x is too close to the contour of integration. Therefore, I offer the second column, where, at |x| > 0.5, the value of tetration is estimated with equation (2.1); in the central part it coincides with the first column. This central part has length larger than unity, which confirms the high precision of the evaluation.
The third column is a derivative of tetration F . For the extension of the approximation to values |x| > 0.5, the following relations were used:
The fourth column shows the inverse function; for each x, it contains value t such that F (t) ≈ x; |F (t) − x| is estimated to be of order of 10 −14 . In such a way, the first column of the table serves as confirmation of the procedure, the other three show behavior of tetration at the real axis.
I used the Gauss-Legendre quadrature with N = 2048 nodes in order to get a wide region with good approximation, |x| < 0.8, and to confirm that the equation F (x + 1) = exp(F (x)) holds with many decimal digits. At the evaluation of the function in the range |x| ≤ 0.5, the same precision can be obtained with N ∼ 1024. The moderate number of nodes of the mesh is sufficient for the precise evaluation of the function F ; this indicates the stability of the algorithm.
For the fast convergence, A should be of order of twice the number of correct decimal digits required in the estimate, and the initial condition for the array E should have values of order of unity at y ≈ 0, of order of L at y 1, and of the order of L * at −y 1. In particular, fast convergence takes place when Fit 3 is used for the central part of the initial distribution.
Inverse function
Tetration F can be used for calculation of functional fractal powers of exponential, and, in particular, √ exp [11] . However, the inverse function F −1 is necessary for such an evaluation,
This function is shown in Figure 8 . Function F −1 has singularities at fixed points L, L * of the logarithm. These singularities are branch points that imply cuts. In order to simplify the comparison with Table 2 , it is convenient to put the cuts along levels (F −1 (z)) = −2. In this case, function F −1 has no singularities at the real axis. As (z) → −∞, function F −1 (z) approaches its asymptotic value −2 in the whole strip between cuts. In the positive direction of the real axis, function F −1 grows slowly (slower than any logarithm), whith corresponds to the rapid growth of tetration F .
Other tetrations
The results above refer to the specific function F (x + iy) that approaches fixed points of logarithm (2.4) at fixed real x and y → ± i ∞. However, different requirements may lead to different tetrations. I compare them in this section.
We may require that the tetration is defined as a sequence of differentiable functions. An example of such a sequence is constructed below. Let
The first elements of this sequence are plotted in the left hand side of Figure 9 . The terms with h negative arguments give an exponentially small contribution; so, this sequence converges rapidly. Consider the limit The function h has rapid growth, similar to that of tetration. Their logarithms behave even more similarly. So, consider the functional sequence g such that
For x > −2, this sequence also converges; the first few elements are shown in the right hand side of Figure 9 . The limit
satisfies the equation (1.4) ; equation (1.5) is satisfied for function
where x 0 is the solution of equation
This equation can be solved numerically, giving value x 0 ≈ 0.014322263393. I compare such a tetration with the function F in Table 3 .
At the real axis, in the range from minus unity to zero, every tetration F (x) look similar to the function 1+x. In Figure 10 , I plot the difference between tetrations Figure 9 . Functions h 1 , h 2 , h ∞ by equations (8.1) and (8.2); g 1 , g 2 , g ∞ by equations (8.3) and (8.4) . In the graphics, h 3 almost overlaps h ∞ and g 3 almost coincides with g ∞ , although the differences can be seen at the zooming in. and this linear function. All the tetrations happen within a strip of width equal to one percent; the uxp function by (1.6) in this range just coincides with the abscissa axis, and all the tetrations deviate for less than one percent from uxp. Function from function F in the form
where coefficients are such that α −n = α * n ; they should decay at n → ∞ fast enough to provide the convergence of the series. Such a G α satisfies the initial equation in the title of the article, and G α (0) = 1 at α 0 = − n =0 α n . In this sense, it can be considered as tetration, at least in the vicinity of the real axis. Outside the real axis, due to the exponential growth of some of terms, the argument of the "true" tetration F may get large negative values at relatively moderate values of z. Consider the imaging of the complex z-plane with function in the argument of F in (8.7). The image Z(z) of a smooth contour in the range | (z)| < 1 may cross the cut Z < 2; the resulting function G is not continuous. Roughly, at | (z)| < 1, the range of analyticity of function G(z) can be estimated with equation
, (8.8) where d(z) is the distance from to the point z to the closest singularity of function F ; for (z) > −2 this distance d(z) = |z + 2|. The range of analyticity is only a strip along the real axis, even at small values of coefficients α. One has no need to evaluate function F in order to estimate the imaginary part of the singular points of the function G. The additional singularities and cuts of function G outside the real axis indicate that function F is the only tetration, analytic in the whole complex z-plane except for z ≤ −2.
Fiber optics and the Abel equation
Pure mathematicians may skip this section; there are only speculations and no new formulas here. In this section I discuss the possible application of the algorithm used to calculate F above to the recovery of an analytic function from the recurrent equation.
Assume that one Manufacturer offers to some Scientist one piece of optical fiber of length, say, one meter, in exchange that the Scientist investigates and reports its nonlinear properties; but the Manufacturer does not allow the Scientist to cut the fiber to the smallest pieces. In the following, I treat this fiber as a single-dimensional homogeneous object. To be more specific, let the fiber be the optical amplifier with some transfer function H. I assume that the signal in the fiber is determined by its intensity. (This assumption tosses out many physical effects.) The laboratory of the Scientist is assumed to be well equipped, so, the Scientist can launch the signal of calibrated power and measure the transfer function H with as many decimal digits as he needs. Assume, he counts also with with an advanced software, which allows him to invert the transfer function and to extend it to the complex plane. In other words, the Scientist knows everything about the transfer function H, but the Scientist is not allowed to open the jacket of the fiber and to measure the power inside; he just believes the Manufacturer that the fiber is uniformly pumped. The signal power as the function of length of propagation is supposed to be continuous and analytic. How does one reconstruct this function in a long fiber, assuming, that at the coordinate zero, the signal power is just one watt? Figure 11 . Graphic of the function D by equation (9.2).
Such a problem leads to the Abel equation [13, 14] ϕ(z +1) = H ϕ(z) ; (9.1) ϕ(x) may have a sense of the logarithm of the power of the signal in the fiber at coordinate x. In the case of H = exp, this equation becomes (1.4), and F is one of its solutions. The Scientist knows the value of the function F at integer points, and wants to reconstruct the behavior in the whole real axis. In a similar way, if the Scientist has no idea about Gamma-function, he could "reconstruct" factorial values at the noninteger values of its argument using transfer function H(z, f ) = zf ; in this case, the transfer function has an additional argument, but it still leads to the recursive equation.
The simple approach could be just linear approximation. Choose one segment of unit length, approximate the solution with linear function at this segment and extend this approximation to the whole range, using equation (9.1). Such an approach is an analogy to the definition of ultraexponential uxp(x) by [3] at the segment −1 ≤ x ≤ 0 and the extension to the real axis using equation (1.3) .
The Scientist may expect, that function F is analytic, and reconstruct the solution of equation (9.1) with the desired behavior at ±i∞, just replacing exp and ln in the equations (4.5), (5.2), (5.4) to H and H −1 . However, after such a replacement, the straightforward iteration has no need to converge, then other methods of numerical solution of the system of nonlinear equations may be required to approximate array E. Knowledge of nonzero asymptotic values L and L * in equation (4.4) seem to be important not only for the precision of the algorithm, but also for its convergence.
The requirement of analyticity of the reconstructed function is much stronger than just existence of all the derivatives along the real axis. Leaving from the real axis is important not only for efficiency of the evaluating algorithms, but also for the uniqueness of the solution. At the real axis, various differentiable functions may satisfy the equation (1.4) , even if the additional requirement of the existence of all derivatives is applied. Let 
The graphic of this function is shown in Figure 11 . At the real axis, function D(x) has all the derivatives; in particular, in points x = −1 and x = 0; and all these derivatives are zero in these points. Then, the function G is also the solution, and has all its derivatives along the real axis.
The difficulties with reconstruction of real-differentiable and real-analytic functions seem to be typical for the analytic extension of a function to the real axis [1] , and the extension to the complex plane seems to be essential for the robust evaluation at noninteger values of the argument.
Discussion
The precise numerical evaluation of analytic tetration, that remains limited at the imaginary axis, is aimed to catch any contradiction, following from the assumption of its existence. Such a contradiction could provide a hint to the generalization of the proof of the nonexistence by [3] . No such contradictions were detected. I conclude, that the analytic extensions or tetration exist, and one of them remains limited at x ± i∞ for any real x.
The generalization of tetration can be expressed with equation (8.7); such tetration G may be analytic in the vicinity of the real axis. However, due to the exponential growth in the imaginary direction, the tetration G cannot satisfy Assumption 1, and the tetation F seems to be unique. The construction of the solution G growing up at z → ±i∞ and analytic in the upper half-plane is difficult, if at all, because the argument of the function F in (8.7) may have values which correspond to the cuts of the function F .
The method of recovery of an analytic function with required behavior at ±i∞ may be useful also for the more general equation (9.1). In particular, at H = exp a , the equation becomes F (x + 1) = exp( F (x)) ; (10.1) where = ln(a). At real values of of order of unity, this equation can be treated with similar contour integrals. At = ln(2) such an extension applies to the fourth Askermann function [2] , giving a plot [28] , similar to Figure 1(d) . The method may be useful in various applications and, in particular, in nonlinear fiber optics, while the behavior of some parameter along the fiber can be recovered from the transfer function of a piece of fiber. The practical application of such a recovery may be a matter for future research.
The function F −1 , approximated in the Table 2 for the real axis is only a special example. In general, the recursive exponential exp z a (t) may be treated as the function of 3 variables; then it may have 3 different kinds of inverse functions. The analysis of the analytic properties of such functions and the precise evaluation may be a matter for future research.
A similar approach can be used for the evaluation of elements of the functional sequence, determined with equations F 3 (z) = exp(z) , (10.2) F n (z +1) = F n−1 F n (z) for integer n , (10.3) F n (0) = 1 for integer n ≥ 3 , (10.4) and the condition that these functions remain analytic outside the real axis. Such a sequence may be a complex analogy of the Askermann functions [2] . Then, tetration F , considered above, appears as F 4 ; pentation appears as F 5 , and so on. Tetration F 4 is already required for mathematics of computation, although it is not yet implemented as an upgrade of the floating point; pentation F 5 and the highest operations in this hierarchy may be needed in the future.
Conclusion
The numerical solution of equation (1.4) is consistent with requirements (1.5), (2.5) and (2.7) within 14 decimal digits. Such an agreement hints at the following theorem. The proof of such a theorem may be a matter for future research; I expect the function F with such properties is unique not only among solutions of equation (2.1), but also among solutions of equation (1.4) .
The method of recovery of an analytic function with required properties at ±i∞ from the transfer function may work also for the more general equation (9.1). The application for the analytic extension of exp z a (t) of different bases (in particular, a = 2, see [28] ) is straightforward. Similar methods may be used in physics and, in particular, in fiber optics.
